[J DIAGNOSTIC TESTS

Test A Algebra

1. (@) (=3)" = (=3)(=3)(-3)(-3) = 81 (b) —3" = —(3)(3)(3)(3) = —81
gt- Lo L o2 —5mn g g
©3 =53 =5 @ 521 = 0T
_ _ 1 1 11
CYORECIES: O = G =y F s

2. (a) Note that v/200 = /100 - 2 = 10+/2 and v/32 = /16 - 2 = 4 /2. Thus v/200 — v/32 = 10v/2 — 412 = 6 /2.

() (3a®V®)(4ab*®)? = 3a®b*16ab* = 48a°b”

© (31’3/2113 )2 (x2y1/2 )2 (xzyfl/z)z x4y71 24 z

r2y—1/2 = 373/2y3 = (323/243)2 = 9346 = 973yby = 9_y7
3. (a) 3(z + 6) + 4(2z — 5) = 3z + 18 + 8z — 20 = 11z — 2

(®) (x +3)(4r — 5) = 42® — 5z + 122 — 15 = 42® + Tz — 15
@ (Va+vh) (Va—vB) = (vVa) ~vavb+vavi— (VB) =a-b
Or: Use the formula for the difference of two squares to see that (\/(;—l— \/5) (\/_ — \/5) = (\/&)2 — (\/l_) )2 =a—b.

(d) 2z +3)% = (22 +3)(2x +3) = 42> + 6 + 62 + 9 = 4> + 122 + 9.
Note: A quicker way to expand this binomial is to use the formula (a 4 b)? = a® + 2ab + b* with @ = 22 and b = 3:
2z +3)% = (22)? +2(22)(3) + 3% = 4a® + 122+ 9

(e) See Reference Page 1 for the binomial formula (a + b)® = a® + 3a®b + 3ab® + b3. Using it, we get
(x4 2)% = 2® + 32%(2) + 32(2%) + 2° = 2 4 62% + 122 + 8.

4. (a) Using the difference of two squares formula, a> — v*> = (a + b)(a — b), we have

4a* — 25 = (2x)% — 5% = (22 4+ 5)(2z — 5).

(b) Factoring by trial and error, we get 222 + 5z — 12 = (22 — 3)(x + 4).

(c) Using factoring by grouping and the difference of two squares formula, we have
23 =322 —dx+12=2*(z—3) —4(z —3) = (2> —4)(x — 3) = (z — 2)(z + 2)(z — 3).

(d) x* + 272 = z(2® + 27) = z(z + 3)(2® — 32 + 9)
This last expression was obtained using the sum of two cubes formula, a® + b% = (a + b)(a® — ab + b*) witha = z

and b = 3. [See Reference Page 1 in the textbook.]
(e) The smallest exponent on z is —%, so we will factor out z /2.
3232 —9z1/? 4 6712 =327 V2 (2? — 304+ 2) =322 (z — 1)(z — 2)

(f) 2y — dzy = zy(a® — 4) = 2y(z — 2)(z + 2)
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2 +3r+2 (z+1)(x+2) x+2

5. (a) = =

x2—x—2 (z+D)(x—-2) z=-—2

20 —2—-1 z+3 (2z+1(@x—-1 z+3 z-1

® === 2r4+1  (z-3)(x+3) 2z2+1 z-3
2 2 2 2
© L b x x4+l x o+l z-2 - (z+1)(z—2)
22—4 z+2 (z-2)(z+2) 2z+2 (z-2)x+2) z+2 -2  (z-2)(z+2)
P —(a?—z—-2) x+2 1
z+2(z—-2  (z+2)(z—-2) z-2
y y
- - - == 2 _ 2
e y_z y w_y-—r -rytr) yte
TITT I n ey w1 e
y y x

VIO _ V10 VB+2 _ V50+2VI0 _5v2+42VI0 . 5.y A5

.(a)\/g_27\/5_2'\/5+27 (\/5)2722 5—4
o YIFh=2_ VAI¥h-2 VIFh+2 _A+h-d4 h B 1
h B h VA+h+2 h(VAi+h+2) h(VA+h+2) Vit+th+2

L@t trtl=(?+o+i)+1-d=(z+ L) +2

(b) 222 — 122 +11 =2(2? —62) + 11 =2(z* — 62+ 9—9) + 11 =2(2*> — 62 +9) — 18+ 11 =2(z — 3)* - 7

.(a)r+5=14—%a: & x+%x=14—5 & %x=9 &= x:§-9 & =6

2

x  2x-—1
x+1

(b) = 22=02z-D(z+1) & 22°=22%+2x-1 & z=1

(©z*—r—-12=0 < (r+3)(z—-4)=0 & z+3=00rr—4=0 & zx=-3orz=4

(d) By the quadratic formula, 22% + 4z +1=0 <

A/ 4)(1)  —4+v8 4422 2(—2£V2) 242 L
v 2(2) -1 T 1~ 4 =g = lE3V2

@2*-32°4+2=0 & (@ -1D@*-2)=0 & 22-1=00r2’-2=0 & 2*’=lorz’=2 &
z=+lorz=+2

M3lz—4=10 & |z—-4=2 & z-4=—Lor-4=2 & z=Zoz=

SN

(g) Multiplying through 22:(4 — 2) ™'/ =34 —z =0by (4 — z)"/? gives2z — 3(4 —2) =0 <

20-12432=0 & b5r—12=0 & br=12 & x=2%

(@) —4<5-3r<17T & -9<-3xr<12 & 3>x>—-4or -4<zr<3.

In interval notation, the answer is [—4, 3).

b 2*<2r+8 & 2°-22-8<0 < (x+2)(z—4) <0. Now, (z + 2)(x — 4) will change sign at the critical
values x = —2 and = = 4. Thus the possible intervals of solution are (—oo, —2), (—2,4), and (4, co). By choosing a

single test value from each interval, we see that (—2, 4) is the only interval that satisfies the inequality.
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(c) The inequality z(z — 1)(z 4+ 2) > 0 has critical values of —2, 0, and 1. The corresponding possible intervals of solution
are (—oo, —2), (—2,0), (0, 1) and (1, 00). By choosing a single test value from each interval, we see that both intervals

(—2,0) and (1, co) satisfy the inequality. Thus, the solution is the union of these two intervals: (—2,0) U (1, c0).
dz—4<3 & —-3<zxr—-4<3 < 1<z<T7 Ininterval notation, the answer is (1, 7).

(e)2x—3§1 N 21—3_130 N 2z — 3 x+1§0 N MSO N x—4
r+1 r+1 x+1 r+1 r+1 x+1

<0.

.
Now, the expression
z+1

may change signs at the critical values * = —1 and « = 4, so the possible intervals of solution
are (—oo, —1), (—1, 4], and [4, c0). By choosing a single test value from each interval, we see that (—1, 4] is the only
interval that satisfies the inequality.
10. (a) False. In order for the statement to be true, it must hold for all real numbers, so, to show that the statement is false, pick
p = 1and ¢ = 2 and observe that (1 + 2)% # 1% + 2%, In general, (p + ¢)* = p* + 2pq + ¢*.
(b) True as long as a and b are nonnegative real numbers. To see this, think in terms of the laws of exponents:
Vab = (ah)V2 = /28172 — /g .
(c) False. To see this, let p = 1 and ¢ = 2, then v/12 4+ 22 # 1 4 2.

+1(2)

. 1
(d) False. To see this, let 7' = 1 and C' = 2, then #1411

. 1 1
(e) False. To see this, let x = 2 and y = 3, then -3 #* 373

1/x

/a:—b/m. ,aslongasx #Q0anda — b # 0.

. 1
(f) True since -
a z a-—b»

Test B  Analytic Geometry

1. (a) Using the point (2, —5) and m = —3 in the point-slope equation of a line, y — y1 = m(xz — x1), we get

y—(-5)=-3(x—-2) = y+5=-3z+6 = y=-3r+1

(b) A line parallel to the z-axis must be horizontal and thus have a slope of 0. Since the line passes through the point (2, —5),
the y-coordinate of every point on the line is —5, so the equation is y = —5.

(c) A line parallel to the y-axis is vertical with undefined slope. So the z-coordinate of every point on the line is 2 and so the
equation is x = 2.

1 3 : PR 1

(d) Note that 2z —4y =3 = —4y= -2z +3 = y = 5z — . Thus the slope of the given line is m = 5. Hence, the

slope of the line we’re looking for is also % (since the line we’re looking for is required to be parallel to the given line).

So the equation of the lineisy — (—=5) = 3(z —2) = y+5=32—-1 = y=3z—6.

2. First we’ll find the distance between the two given points in order to obtain the radius, r, of the circle:

r=+/[B—(-1)]2+ (-2 —4)2 = \/4% + (—6)% = /52. Next use the standard equation of a circle,

(x — h)? + (y — k)® = r2, where (h, k) is the center, to get (x 4+ 1) + (y — 4)® = 52.
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. (a) A(—7,4) and B(5,—12) = map =

U  DIAGNOSTIC TESTS

. We must rewrite the equation in standard form in order to identify the center and radius. Note that

2249y -6 +10y+9=0 = 2?—6x+9+ 13>+ 10y = 0. For the left-hand side of the latter equation, we
factor the first three terms and complete the square on the last two terms as follows: z° — 6z +9+¢y? + 10y =0 =
(=3 +1y*+10y+25=25 = (x—3)%>+ (y+5)* = 25. Thus, the center of the circle is (3, —5) and the radius is 5.

—12-4 16 _ 4

5- (-7 12 3
By—4=—-3@x—(-7)] = y—4=-32-2 = 3y—12=-42-28 = da+3y+16=0. Puttingy =0,

we get 4x + 16 = 0, so the x-intercept is —4, and substituting 0 for = results in a y-intercept of —%.

(c) The midpoint is obtained by averaging the corresponding coordinates of both points: ( #, W) = (-1,-4).

(dd=+/[B— (-7 + (12 —4)2 = /122 + (—16)2 = /144 + 256 = /400 = 20

(e) The perpendicular bisector is the line that intersects the line segment AB at a right angle through its midpoint. Thus the
perpendicular bisector passes through (—1, —4) and has slope % [the slope is obtained by taking the negative reciprocal of
the answer from part (a)]. So the perpendicular bisector is given by y + 4 = 2[z — (—1)] or 3z — 4y = 13.

(f) The center of the required circle is the midpoint of AB, and the radius is half the length of AB, which is 10. Thus, the

equation is (x + 1) + (y + 4)? = 100.

. (a) Graph the corresponding horizontal lines (given by the equations y = —1 and Y
y = 3) as solid lines. The inequality y > —1 describes the points (z, y) that lie
on or above the line y = —1. The inequality y < 3 describes the points (z, y) _(j v
that lie on or below the line y = 3. So the pair of inequalities —1 < y < 3
describes the points that lie on or between the lines y = —1 and y = 3.

(b) Note that the given inequalities can be writtenas —4 < z < 4dand -2 < y < 2, Y
respectively. So the region lies between the vertical lines x = —4 and x = 4 and == A ,
between the horizontal lines y = —2 and y = 2. As shown in the graph, the —4§ 0 i 4y
region common to both graphs is a rectangle (minus its edges) centered at the TR °
origin.

(c) We first graphy = 1 — %x as a dotted line. Since y < 1 — %x, the points in the Y
region lie below this line. \\\\1 | y=1- %X

0 \2 S x
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(d) We first graph the parabola y = 2® — 1 using a solid curve. Since y > 2> — 1, Y

the points in the region lie on or above the parabola.

M X
Ty=x2-1
(e) We graph the circle 2> + y? = 4 using a dotted curve. Sincey/x2 + 32 < 2, the Y
. . . . L . 4y =
region consists of points whose distance from the origin is less than 2, that is, 2 _f / y =4
/ Ay
the points that lie inside the circle. : } >
\ ,'

(f) The equation 922 4 16y> = 144 is an ellipse centered at (0, 0). We put it in

2 2
standard form by dividing by 144 and get T—G + % = 1. The z-intercepts are

T
NS

located at a distance of 1/16 = 4 from the center while the y-intercepts are a

distance of v/9 = 3 from the center (see the graph).

Test C Functions

1. (a) Locate —1 on the z-axis and then go down to the point on the graph with an x-coordinate of —1. The corresponding

y-coordinate is the value of the function at x = —1, which is —2. So, f(—1) = —2.
(b) Using the same technique as in part (a), we get f(2) ~ 2.8.

(c) Locate 2 on the y-axis and then go left and right to find all points on the graph with a y-coordinate of 2. The corresponding

z-coordinates are the z-values we are searching for. Soz = —3 and z = 1.
(d) Using the same technique as in part (c), we get z &~ —2.5 and = ~ 0.3.
(e) The domain is all the z-values for which the graph exists, and the range is all the y-values for which the graph exists.
Thus, the domain is [—3, 3], and the range is [—2, 3].
2. Note that f(2 + h) = (2 + h)? and f(2) = 2* = 8. So the difference quotient becomes
f@+h)—f(2) _(2+h)°—-8 8+12h+6h*+h° -8 12h+6h> +h° _ h(12+6h+ h?)

_ = =12+ 6h + A2
h h h h h +6h
3. (a) Set the denominator equal to 0 and solve to find restrictions on the domain: 2> +z —2=0 =
(x—1)(x+2)=0 = «=1orz = —2. Thus, the domain is all real numbers except 1 or —2 or, in interval

notation, (—oo, —2) U (—2,1) U (1, 00).

(b) Note that the denominator is always greater than or equal to 1, and the numerator is defined for all real numbers. Thus, the
domain is (—o0, 00).

(c) Note that the function A is the sum of two root functions. So A is defined on the intersection of the domains of these two

root functions. The domain of a square root function is found by setting its radicand greater than or equal to 0. Now,
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4—2>0 = z<4andz*-1>0 = (z—1)(z+1)>0 = =z < —lorz > 1. Thus, the domain of

his (—oo, —1] U [1,4].

. (2) Reflect the graph of f about the z-axis.

(b) Stretch the graph of f vertically by a factor of 2, then shift 1 unit downward.

(c) Shift the graph of f right 3 units, then up 2 units.

. (a) Make a table and then connect the points with a smooth curve: Y
z|—-2|-1|0|1]2 1+
y| -8 -1|0|1]8 ol 1 x
(b) Shift the graph from part (a) left 1 unit. Y /
j
-1 |0 X
(c) Shift the graph from part (a) right 2 units and up 3 units. Y
(2,3)
0 / X
(d) First plot y = 2. Next, to get the graph of f(z) = 4 — 22, i
reflect f about the x-axis and then shift it upward 4 units.
0| 2! X
(e) Make a table and then connect the points with a smooth curve: Y
z|0|1]4]9 1,/
y|[O0[1([2]3 0| 1 x
(f) Stretch the graph from part (e) vertically by a factor of two. Y
2 4
0] 1 X
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TESTD TRIGONOMETRY [

(g) First plot y = 2%. Next, get the graph of y = —2% by reflecting the graph of Y
y = 2% about the x-axis.
0
\Tx
(h) Note that y = 14+ 2~ = 1 4+ 1/x. So first plot y = 1/ and then shift it Y \\
wpward Lupit. i
=
of 1 X

6. (@ f(—=2)=1—(-2)>=-3and f(1) =2(1)+1=3

(b) For z < 0 plot f(z) = 1 — 2* and, on the same plane, for 2 > 0 plot the graph
of f(x) =2z + 1.

7. @) (fog)(x) = flg(x)) = f(2x —3) = (2x —3)> +2(2x —3) —1 =42 — 120 + 9+ 40 — 6 — 1 =42*> — 8z +2
®) (go x) =g(f(x) =g@®+2x—1)=2(z* +22 —1) -3 =22 +40 -2 -3 =22 +40 -5

(©) (gogog)(z)=g(9(9(x))) = g(g9(2z — 3)) = g(2(2z — 3) — 3) = g(4z — 9) =2(4x — 9) — 3
=8r—18—3 =8z —21

TestD Trigonometry

7

1. (a) 300° = 3000( m ) _ 3007 _ 5m

o_ qgof_ T \_ 187 _ ™
180° 180 3 (b) —18" = —18 (1800)7 180 10

2. (a) %’r = %” (1—78?> = 150° (b)2= 2(1—?> = (?) ~ 114.6°

3. We will use the arc length formula, s = r, where s is arc length, r is the radius of the circle, and 0 is the measure of the

central angle in radians. First, note that 30° = 30° (187T00) = % So s = (12) (%) = 27 cm.

4. (a) tan(n/3) = V3 [You can read the value from a right triangle with sides 1, 2, and \/5]

(b) Note that 7 /6 can be thought of as an angle in the third quadrant with reference angle 7 /6. Thus, sin(77/6) = —1,

since the sine function is negative in the third quadrant.

(c) Note that 57/3 can be thought of as an angle in the fourth quadrant with reference angle 7 /3. Thus,

1

sec(bm/3) = cos(57/3) = 3 = 2, since the cosine function is positive in the fourth quadrant.
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.sinx:%andsin2x+cos2x:1 = cosr=4/1—5=——Also,cosy=% = siny=

. We first graph y = sin 2z (by compressing the graph of sin x

U  DIAGNOSTIC TESTS

.sinf =a/24 = a=24sinf and cosf =0b/24 = b=24cosl

1 22 4 1_16_3

2
9 3 5 25 — 5°

So, using the sum identity for the sine, we have

. o 1 4 2v2 3 4+6v2 1
sm(x—&—y)—smmCosy—l—cosxsmy—g-g+—~g—?—1—5(4—&—6\/5)
. -2 2
. (a) tan @ sin 6 + cos O = sin 0 sin @ + cosf = sin 6  cos 6 = ! = secf
cosf cos @ cosf cosf
(b) Ztan;g = 2sinz/(cos z) =232 0523 = 2sinw cosz = sin 2
1+ tan?z sec? cosx

.sin2x =sinx < 2sinz cosz =sinz < 2sinz cosz —sinz =0 < sinz(2cosz—1)=0 <

sinx =0 or cosx:% = =0

™

57
> 3 , 3 2m.

by a factor of 2) and then shift it upward 1 unit.
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